Abstract. We introduce the notions of pointwise almost h-slant submanifolds and pointwise almost h-semi-slant submanifolds as a generalization of slant submanifolds, pointwise slant submanifolds, semi-slant submanifolds, and pointwise semi-slant submanifolds. We have characterizations and investigate the integrability of distributions, the conditions for such distributions to be totally geodesic foliations, the mean curvature vector fields on totally umbilic submanifolds, the properties of h-slant functions and h-semi-slant functions, the properties of non-trivial warped product proper pointwise h-semi-slant submanifolds. We also obtain topological properties on proper pointwise almost h-slant submanifolds and give an inequality for the squared norm of the second fundamental form in terms of the warping function and h-semi-slant functions for a warped product submanifold in a hyperkähler manifold. Finally, we give some examples of such submanifolds.
Introduction
Given a Riemannian manifold (M , g) with some additional structures, there are several kinds of submanifolds:
(almost) complex submanifolds ( [26] , [20] , [25] , [31] ), totally real submanifolds ( [12] , [15] , [10] , [14] ), CR submanifolds ( [43] , [1] , [5] , [38] ), QR submanifolds ( [2] , [28] , [4] , [22] ), slant submanifolds ( [6] , [29] , [9] , [30] , [40] ), pointwise slant submanifolds [11] , semi-slant submanifolds ( [33] , [39] , [8] , [27] ), pointwise semi-slant submanifolds [41] , etc.
Recently, B. Y. Chen and O. J. Garay [11] introduced the notion of pointwise slant submanifolds in almost Hermitian manifolds and obtained many important results on it. Moreover, B. Şahin [41] also introduced the notion of pointwise semi-slant submanifolds of Kähler manifolds. Using this notion, B. Şahin investigated warped product pointwise semi-slant submanifolds of Kähler manifolds and obtained important results.
As a generalization of slant submanifolds, pointwise slant submanifolds, semislant submanifolds, and pointwise semi-slant submanifolds, we will define the notions of pointwise almost h-slant submanifolds and pointwise almost h-semi-slant submanifolds.
As we know, the quaternionic Kähler manifolds have applications in physics as the target spaces for nonlinear σ−models with supersymmetry [13] .
The paper is organized as follows. In section 2 we recall some notions, which are needed in the following sections. In section 3 we give the definitions of pointwise almost h-slant submanifolds, pointwise almost h-semi-invariant submanifolds, and pointwise almost h-semi-slant submanifolds and obtain some properties: the characterizations of such submanifolds, the integrability of distributions, the equivalent conditions for such distributions to be totally geodesic foliations, the mean curvature vector fields on totally umbilic submanifolds, etc. In section 4 we deal with the geometrical properties of slant functions. In section 5 we consider proper pointwise almost h-slant submanifolds of hyperkähler manifolds and obtain some subalgebras of their cohomology algebras. From these topological results, we can induce some geometrical properties. In section 6 we get some properties on nontrivial warped product proper pointwise h-semi-slant submanifolds of hyperkähler manifolds. Using these results, we obtain an inequality for the squared norm of the second fundamental form in terms of the warping function and h-semi-slant functions. In section 7 we give some examples of such submanifolds.
Preliminaries
Let (M , g) be a Riemannian manifold, where M is a m-dimensional C ∞ -manifold and g is a Riemannian metric on M . Let M be a n-dimensional submanifold of (M , g).
Denote by T M ⊥ the normal bundle of M in M . Denote by ∇ and ∇ the Levi-Civita connections of M and M , respectively. Then the Gauss and Weingarten formulas are given by
respectively, for tangent vector fields X, Y ∈ Γ(T M ) and a normal vector field Z ∈ Γ(T M ⊥ ), where h denotes the second fundamental form, D the normal connection, and A the shape operator of M in M .
Then the second fundamental form and the shape operator are related by
where , denotes the induced metric on M as well as the Riemannian metric g on M . We will also denote by g the induced metric on M . Choose a local orthonormal frame {e 1 , · · · , e m } of T M such that e 1 , · · · , e n are tangent to M and e n+1 , · · · , e m are normal to M . Then the mean curvature vector H is defined by (2.4)
h(e i , e i ) and the squared mean curvature is given by H 2 := H, H . The squared norm of the second fundamental form h is given by (2.5)
h(e i , e j ), h(e i , e j ) .
Let (B, g B ) and (F, g F ) be Riemannian manifolds, where g B and g F are Riemannian metrics on manifolds B and F , respectively. Let f be a positive C ∞ -function on B. Consider the product manifold B × F with the natural projections π 1 : B × F → B and π 2 : B × F → F . The warped product manifold M = B × f F is the product manifold B × F equipped with the Riemannian metric g M such that (2.6)
The function f is called the warping function of the warped product manifold M [7] .
If the warping function f is constant, then we call the warped product manifold M trivial.
Given vector fields X ∈ Γ(T B) and Y ∈ Γ(T F ), we can obtain their natural horizontal lifts X, Y ∈ Γ(T M ) such that dπ 1 X = X and dπ 2 Y = Y .
Conveniently, identify X and Y with X and Y , respectively. We choose a local orthonormal frame {e 1 , · · · , e n } of the tangent bundle T M of M such that e 1 , · · · , e n1 ∈ Γ(T B) and e n1+1 , · · · , e n ∈ Γ(T F ).
Then we have
Given unit vector fields X, Y ∈ Γ(T M ) such that X ∈ Γ(T B) and Y ∈ Γ(T F ), we easily obtain
where ∇ is the Levi-Civita connection of (M, g M ), so that
where K(X ∧ Y ) denotes the sectional curvature of the plane < X, Y > spanned by X and Y over R. Hence,
for each j = n 1 + 1, · · · , n. Let (M , E, g) be an almost quaternionic Hermitian manifold, where M is a 4m−dimensional C ∞ -manifold, g is a Riemannian metric on M , and E is a rank 3 subbundle of End(T M ) such that for any point p ∈ M with a neighborhood U , there exists a local basis {J 1 , J 2 , J 3 } of sections of E on U satisfying for each α ∈ {1, 2, 3}
for any vector fields X, Y ∈ Γ(T M ), where the indices are taken from {1, 2, 3} modulo 3. The above basis {J 1 , J 2 , J 3 } is said to be a quaternionic Hermitian basis. We call (M , E, g) a quaternionic Kähler manifold if there exist locally defined 1-forms ω 1 , ω 2 , ω 3 such that for α ∈ {1, 2, 3} (2.13)
for any vector field X ∈ Γ(T M ), where the indices are taken from {1, 2, 3} modulo 3.
If there exists a global parallel quaternionic Hermitian basis {J 1 , J 2 , J 3 } of sections of E on M , then (M , E, g) is said to be hyperkähler. Furthermore, we call (J 1 , J 2 , J 3 , g) a hyperkähler structure on M and g a hyperkähler metric [3] .
Throughout this paper, we will use the above notations.
Pointwise almost h-semi-slant submanifolds
In this section we define the notions of pointwise h-slant submanifolds, pointwise almost h-slant submanifolds, pointwise h-semi-invariant submanifolds, pointwise almost h-semi-invariant submanifolds, pointwise h-semi-slant submanifolds, and pointwise almost h-semi-slant submanifolds. And we investigate the geometry of such submanifolds.
Definition 3.1. Let (M , E, g) be an almost quaternionic Hermitian manifold and M a submanifold of (M , g). The submanifold M is called a pointwise almost hslant submanifold if given a point p ∈ M with a neighborhood V , there exist an open set U ⊂ M with U ∩ M = V and a quaternionic Hermitian basis {I, J, K} of sections of E on U such that for each R ∈ {I, J, K}, at each given point q ∈ V the angle θ R = θ R (X) between RX and the tangent space T q M is constant for nonzero X ∈ T q M .
We call such a basis {I, J, K} a pointwise almost h-slant basis and the angles {θ I , θ J , θ K } almost h-slant functions as functions on V . 
, and at each given point q ∈ V the angle θ R = θ R (X) between RX and the space (D
We call such a basis {I, J, K} a pointwise almost h-semi-slant basis and the angles {θ I , θ J , θ K } almost h-semi-slant functions as functions on V .
, then we call the submanifold M a pointwise h-semi-slant submanifold, the basis {I, J, K} a pointwise h-semi-slant basis, and the angles {θ I , θ J , θ K } h-semi-slant functions.
Moreover, if we have θ = θ I = θ J = θ K , then we call the submanifold M a pointwise strictly h-semi-slant submanifold, the basis {I, J, K} a pointwise strictly h-semi-slant basis, and the angle θ a strictly h-semi-slant function. Remark 3.5. Let M be a submanifold of an almost quaternionic Hermitian manifold (M , E, g). If M is a pointwise almost h-semi-slant submanifold of (M , E, g) with almost h-semi-slant functions θ I = θ J = θ K = π 2 , then we call the submanifold M a pointwise almost h-semi-invariant submanifold and the basis {I, J, K} a pointwise almost h-semi-invariant basis.
Similarly, if M is a pointwise h-semi-slant submanifold of (M , E, g) with h-semislant functions θ I = θ J = θ K = π 2 , then we call the submanifold M a pointwise h-semi-invariant submanifold and the basis {I, J, K} a pointwise h-semi-invariant basis.
Remark 3.6. Let M be a submanifold of an almost quaternionic Hermitian manifold (M , E, g). If M is a pointwise h-semi-slant submanifold of (M , E, g) with D 1 = 0 and D 2 = T M , then the submanifold M is a pointwise almost h-slant submanifold of (M , E, g). Remark 3.7. As we know, an isometric immersion is the corresponding notion of a Riemannian submersion ( [32] , [19] , [18] ). In the point of view, almost h-slant submanifolds, almost h-semi-invariant submanifolds, and almost h-semi-slant submanifolds correspond to almost h-slant submersions, almost h-semi-invariant submersions, and almost h-semi-slant submersions, respectively ( [35] , [36] , [37] ). Similarly, pointwise almost h-slant submanifolds, pointwise almost h-semi-invariant submanifolds, and pointwise almost h-semi-slant submanifolds are the corresponding notions of pointwise almost h-slant submersions, pointwise almost h-semi-invariant submersions, and pointwise almost h-semi-slant submersions, respectively. Hence, we need to study deeply the notions of almost h-slant submanifolds, almost h-semiinvariant submanifolds, almost h-semi-slant submanifolds, pointwise almost h-slant submersions, pointwise almost h-semi-invariant submersions, and pointwise almost h-semi-slant submersions as the future works.
Let M be a pointwise almost h-semi-slant submanifold of an almost quaternionic Hermitian manifold (M , E, g). Given a point p ∈ M with a neighborhood V , there exist an open set U ⊂ M with U ∩ M = V and a quaternionic Hermitian basis {I, J, K} of sections of E on U such that for each R ∈ {I, J, K}, there is a distribution
Then for X ∈ Γ(T M ) and R ∈ {I, J, K}, we write (3.1)
and R ∈ {I, J, K}, we have
where
where T U ∈ Γ(T M ) and F U ∈ Γ(T M ⊥ ). Then given R ∈ {I, J, K}, we have
Then the tensors φ R and ω R are said to be parallel if ∇φ R = 0 and Dω R = 0, respectively.
Throughout this paper, we will use the above notations. We easily get 
, and R ∈ {I, J, K}.
In a similar way to Proposition 3.6 of [37] , we obtain Proposition 3.9. Let M be a pointwise almost h-semi-slant submanifold of an almost quaternionic Hermitian manifold (M , E, g). Then we get
) and R ∈ {I, J, K}, where {I, J, K} is a pointwise almost h-semi-slant basis with the almost h-semi-slant
by (3.11), we easily obtain
for X, Y ∈ Γ(D R 2 ) and R ∈ {I, J, K}. 
Proof. Given X, Y ∈ Γ(D 1 ) and R ∈ {I, J, K}, by using (3.2), (2.1), and (2.2), we have
Therefore, the result follows. 
, and R ∈ {I, J, K}, by using (3.2), (2.1), and (2.2), we get
Therefore, we obtain the result.
Now we introduce some equivalent conditions for distributions D i to be totally geodesic foliations for i ∈ {1, 2}. 
, and R ∈ {I, J, K}, by using (3.2), (3.11), and (2.1), we have
Hence,
, and R ∈ {I, J, K}, by using (3.2), (3.11), and (2.1), we get
Hence, a) ⇔ b), a) ⇔ c), a) ⇔ d). Therefore, we obtain the result.
Let M be a submanifold of a Riemannian manifold (M , g). We call M a totally umbilic submanifold of (M , g) if
where H is the mean curvature vector field of M in M .
Lemma 3.15. Let M be a pointwise almost h-semi-slant totally umbilic submanifold of a hyperkähler manifold (M , I, J, K, g) such that {I, J, K} is a pointwise almost h-semi-slant basis. Then we have
, and R ∈ {I, J, K}, by using (2.1), (3.2), and (3.3), we obtain
Interchanging the role of X and Y , we obtain
Using (3.17) and (3.18), we have g(X, Y )g(H, RW ) = 0 so that since µ R is R-invariant, we get
Corollary 3.16. Let M be a pointwise almost h-semi-slant totally umbilic submanifold of a hyperkähler manifold (M , I, J, K, g) such that {I, J, K} is a pointwise almost h-semi-slant basis.
Assume that the almost h-semi-slant function θ R = 0 for some R ∈ {I, J, K}. Then M is a totally geodesic submanifold of (M , g).
slant functions
Like Proposition 2.1 of [11] , using (3.13) and (3.6), we easily obtain Proposition 4.1. Let M be a pointwise almost h-semi-slant submanifold of an almost quaternionic Hermitian manifold (M , E, g). Then
for X, Y ∈ Γ(T M ) and R ∈ {I, J, K}, where {I, J, K} is a pointwise almost hsemi-slant basis.
Proposition 4.2. Let M be a pointwise almost h-semi-slant submanifold of an almost quaternionic Hermitian manifold (M , E, g).
Then given any C ∞ -function f on M , the submanifold M is also a pointwise almost h-semi-slant submanifold of an almost quaternionic Hermitian manifold (M , E, g) with g = e 2f g.
Proof.
Since M is a pointwise almost h-semi-slant submanifold of an almost quaternionic Hermitian manifold (M , E, g), given a point p ∈ M with a neighborhood V , we can take an open set U ⊂ M with U ∩ M = V and a quaternionic Hermitian basis {I, J, K} of sections of E on U such that for each R ∈ {I, J, K}, there is a distribution D
2 ) q and R ∈ {I, J, K}, we have
which means the result.
In a similar way to Proposition 4.1 of [11] , we obtain 
Topological properties
Let M be a pointwise almost h-semi-slant submanifold of a hyperkähler manifold (M , I, J, K, g) such that {I, J, K} is a pointwise almost h-semi-slant basis. We call M proper if θ R (p) ∈ [0, π 2 ) for p ∈ M and R ∈ {I, J, K}. Let M be a proper pointwise almost h-slant submanifold of a hyperkähler manifold (M , I, J, K, g) such that {I, J, K} is a pointwise almost h-slant basis. Define
for X, Y ∈ Γ(T M ) and R ∈ {I, J, K}. By (3.11) and (3.12) , Ω R is a non-degenerate 2-form on M . Using Lemma 3.8, we get Proof. Given X, Y, Z ∈ Γ(T M ) and R ∈ {I, J, K}, we obtain
so that by (3.6) and (3.9),
Using Lemma 3.8 and (2.3), we have
Therefore, we get the result.
Denote by [Ω R ] the de Rham cohomology class of the 2-form Ω R for R ∈ {I, J, K}. Then we obtain Theorem 5.2. Let M be a 2n-dimensional compact proper pointwise almost hslant submanifold of a 4m-dimensional hyperkähler manifold (M , I, J, K, g) such that {I, J, K} is a pointwise almost h-slant basis. Then
where H is the algebra spanned by
Remark 5.3.
(1) Let M be a 2n-dimensional proper pointwise almost h-slant submanifold of a 4m-dimensional hyperkähler manifold (M , I, J, K, g) such that {I, J, K} is a pointwise almost h-slant basis.
If θ R (p) = 0 for p ∈ M and R ∈ {I, J, K}, then M is clearly a hyperkähler manifold with n even so that we may call M the generalized hyperkähler manifold. (2) Like Theorem 5.2, there are many results on the cohomology of compact hyperkähler manifolds to be known ( [23] , [42] , [17] , [16] , [21] , [34] 
Warped product submanifolds
In a similar way to Theorem 4.1 of [41] , we have Theorem 6.1. Let (M , I, J, K, g) be a hyperkähler manifold. Then given R ∈ {I, J, K}, there do not exist any non-trivial warped product submanifolds M = B × f F of a Kähler manifold (M , R, g) such that B is a proper pointwise slant submanifold of (M , R, g) and F is a holomorphic submanifold of (M , R, g). Now we study non-trivial warped product proper pointwise h-semi-slant submanifolds of hyperkähler manifolds. Using these results, we will obtain Theorem 6.6. Then we have
Proof. Given V, W ∈ Γ(T F ), X ∈ Γ(T B), and R ∈ {I, J, K}, by using (2.2), (2.1), (3.6), (3.2), (2.8), (3.12) , and (2.3), we get Then we obtain
and
Proof. Given V, W ∈ Γ(T F ), X ∈ Γ(T B), and R ∈ {I, J, K}, by using (3.6), (6.1), (2.2), (3.2), (2.1), (2.8), and (3.13), we have
Substituting φ R W and X by W and RX, respectively, at (6.2), we easily get (6.3). Then we obtain
for X, Y ∈ Γ(T B), V, W ∈ Γ(T F ), and R ∈ {I, J, K}.
Proof. Given X, Y ∈ Γ(T B), V, W ∈ Γ(T F ), and R ∈ {I, J, K}, by using (2.1), (3.2), (3.6), and (2.8), we have
And replacing X by RX at (6.3), we easily get (6.5).
Let M = B × f F be a non-trivial warped product proper pointwise h-semislant submanifold of a hyperkähler manifold (M , I, J, K, g) such that
and {I, J, K} is a pointwise h-semi-slant basis.
Using (3.13) and (3.14), given R ∈ {I, J, K}, we can choose a local orthonormal frame {e 1 , e n1+1 , e 2n1+1 , e 3n1+1 , · · · , e n1 , e 2n1 , e 3n1 , e 4n1 , f
) such that {e 1 , e n1+1 , e 2n1+1 , e 3n1+1 , · · · , e n1 , e 2n1 , e 3n1 , e 4n1 } is a local orthonormal frame of T B, {f
} is a local orthonormal frame of ω R (T F ), and {v 1 , Iv 1 , Jv 1 , Kv 1 , · · · , v k , Iv k , Jv k , Kv k } is a local orthonormal frame of µ R , where e n1+i := Ie i , e 2n1+i := Je i , e 3n1+i := Ke i ,
Using the above notations, we have
and {I, J, K} is a pointwise h-semi-slant basis.
Assume that m = n 1 + n 2 . Then given R ∈ {I, J, K}, we get
with equality holding if and only if g(h(V, W ), Z) = 0 for V, W ∈ Γ(T F ) and
Proof. Given R ∈ {I, J, K}, since µ R = 0, we obtain
Using (6.4) and (6.5), we have
. But since ∇(ln f ) ∈ Γ(T B) and R(T B) = T B, we get Similarly,
(e i (ln f )) 2 = ||∇(ln f )|| 2 .
Using (6.7), (6.8), (6.9), and (3.13), we have Assume that m = n 1 + n 2 . If ||h|| 2 = 4n 2 (csc 2 θ R + cot 2 θ R )||∇(ln f )|| 2 for some R ∈ {I, J, K}, then M is a minimal submanifold of M .
Examples
Note that given an Euclidean space R 4m with coordinates (y 1 , y 2 , · · · , y 4m ), we choose complex structures I, J, K on R 4m as follows:
I( for k ∈ {0, 1, · · · , m − 1}. Then we easily check that (I, J, K, , ) is a hyperkähler structure on R 4m , where , denotes the Euclidean metric on R 4m . Throughout this section, we will use these notations.
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